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Abstract. In this paper, we show that there is a close relationship between generalized sub- 
tangent manifolds and Lie groupoids. We obtain equivalent assertions among the integrability 
conditions of generalized almost subtangent manifolds, the condition of compatibility of source 
and target maps of symplectic groupoids with symplectic form and generalized subtangent 
maps. 



1. Introduction 

A groupoid is a small category in which all morphisms are invertible. More precisely, a 
groupoid G consists of two sets Gi and Go, called arrows and the objects, respectively, with 
maps s,t : Gi — !■ Go called source and target. It is equipped with a composition m : G2 — )■ Gi 
defined on the subset G2 = {{g,h) G Gi x Gi\s{g) = t{h)}; an inclusion map of objects 
e : Gq — )■ Gi and an inversion map 2 : Gi — )■ Gi. For a groupoid, the following properties are 
satisfied: s{gh) = s{h), t{gh) = t{g), s{g-^) = t{g), t{g-^) = s{g), g{hf) = {gh)f whenever 
both sides are defined, g~^g = ls{g), gg~^ = hig)- Here we have used gh, 1^ and g~^ instead of 
m{g,h), e{x) and i{g). Generally, a groupoid G is denoted by the set of arrows Gi. 

A topological groupoid is a groupoid Gi whose set of arrows and set of objects are both 
topological spaces whose structure maps s,t,e,i,m are all continuous and s,t are open maps. 

A Lie groupoid is a groupoid G whose set of arrows and set of objects are both manifolds 
whose structure maps s,t,e,i,m are all smooth maps and s,t are submersions. The latter 
condition ensures that s and t-fibres are manifolds. One can see from above definition the 
space G2 of composable arrows is a submanifold of Gi x Gi. We note that Lie groupoid 
introduced by Ehresmann [1]. 

On the other hand. Lie algebroids were first introduced by Pradines [2] as infinitesimal objects 
associated with the Lie grou- poids. More precisely, a Lie algebroid structure on a real vector 
bundle A on a manifold M is defined by a vector bundle map pA '■ A ^ TM, the anchor of A, 
and an M-Lie algebra bracket on T{A), [,]a satisfying the Leibnitz rule 

for all a,(3 E T{A),f G C°°{M), where Lp^(^a) is the Lie derivative with respect to the vector 
field pa{c(). And T{A) denotes the set of sections in A. 

On the other hand, Hitchin [3] introduced the notion of generalized complex manifolds by 
unifying and extending the usual notions of complex and symplectic manifolds. Later the 
notion of generalized Kahler manifold was introduced by Gualtieri [4] and submanifolds of such 
manifolds have been studied in many papers. 

As an analogue of generalized complex structures on even dimensional manifolds, the concept 
of generalized almost subtangent manifolds were introduced in [5] and such manifolds have been 
studied in [6] and [5]. 
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Recently, Crainic [7] showed that there is a close relationship between the equations of a 
generalized complex manifold and a Lie groupoid. More precisely, he obtained that the com- 
plicated equations of such manifolds turn into simple structures for Lie groupoids. 

In this paper, we investigate relationships between the complicated equations of generalized 
subtangent structures and Lie groupoids. We showed that the equations of such manifolds are 
useful to obtain equivalent results on a symplectic groupoid. 

2. Preliminaries 

In this section wc recall basic facts of Poisson geometry. Lie groupoids and Lie algebroids. 
More details can be found in [8] and [9]. A central idea in generalized geometry is that TM © 
T*M should be thought of as a generalized tangent bundle to manifold M. If X and ^ denote a 
vector field and a dual vector field on M respectively, then we write {X, ^) (or as a typical 

element of TM®T*M. The Courant bracket of two sections {X, {Y, rf) of TM®T*M = TM 
is defined by 

[{X,0,{Y,r])] = [X,Y]+LxV-Ly^ 

-IdiixV-ivO, (2.1) 

where d, Lx and ix denote exterior derivative. Lie derivative and interior derivative with respect 
to X, respectively. The Courant bracket is antisymmetric but, it does not satisfy the Jacobi 
identity. We adapt the notions ^(tt^q;) = Tr{a,l3) and U!^{X)(Y) — u){X,Y) which are defined 
as TT* : T*M TM, : TM T*M for any 1-forms a and 2-form u and bivector field tt, 
and vector fields X and Y. Also we denote by [, Jtt, the bracket on the space of 1-forms on M 
defined by 

[a, = L^tta^ - ^Trtt^CK - d'K{a, /?). 

On the other hand, a symplectic manifold is a smooth (even dimensional) manifold Ad with 
a non-degenerate closed 2-form a; G Vt^i^M). oj is called the symplectic form of M. Let G be a 
Lie groupoid on M and ou a form on Lie groupoid G, then uu is called multiplicative if 

m*uj = pr\u + pr2UJ, 

where pr^ : G x G ^ G, i = 1,2, are the canonical projections. 

We now recall the notion of Poisson manifolds. A Poisson manifold is a smooth manifold 
M whose function space C°°(M, M), is a Lie algebra with bracket {, }, such that the following 
properties are satisfied; 

(i) {f,9} = -{gj} 

(ii) {/, {g, h}} + {g, {h, /}} + {h, {/, g}} = 

(iii) {fg,h}^f{g,h} + g{f,h}. 

If M is a Poisson manifold, then there is a unique bivector tt, called the Poisson bivector, and 
a unique homomorfizm tt^ : T*M TM of vector bundles with 7r''(T*M) C TM such that 
n{df,dg) = 7rKdf)g = {f,g}. 

It is also possible to define a Poisson manifold by using the bivector tt. Indeed, a smooth 
manifold is a Poisson manifold if [n,7r] — 0, where [, ] denotes the Schouten bracket on the 
space of multivector fields. 

We now give a relation between Lie algebroid and Lie groupoi- d. Given a Lie groupoid G 
on M, the associated Lie algebroid A = Lie{G) has fibres = Ker{ds)x = Tx{G{—,x)), for 
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any x G M. Any a G T{A) extends to a unique right-invariant vector field on G, which will be 
denoted by same letter a. The usual Lie bracket on vector fields induces the bracket on T{A), 
and the anchor is given hy p — dt : A ^ TM. 

Given a Lie algebroid A, an integration of ^4 is a Lie groupoid G together with an isomor- 
phism A = Lie{G). If such a G exists, then it is called that A is intcgrablc. In contrast with the 
case of Lie algebras, not every Lie algebroid admits an integration. However if a Lie algebroid is 
integrable, then there exists a canonical source simply connected integration G, and any other 
source simply connected integration is smoothly isomorphic to G. From now on we assume 
that all Lie groupoids are source-simply- connected. 

In this section, finally, we recall the notion of IM form (infinitesimal multiplicative form) on 
a Lie algebroid [10]. More precisely, an IM form on a Lie algebroid A is a bundle map 

u: A^ T*M 

satisfying the following properties 

(i) {u{a),pm = -{u{P),p{a)) 

(ii) u{[a,P]) = L^{u{/3))-L0{u{a)) 

+d{u{a),p{P)) 

for a, j3 E r(yl), where (, ) denotes the usual pairing between a vector space and its dual. 
If A is a Lie algebroid of a Lie groupoid G, then a closed multiplicative 2-form w on G induces 
an IM form u^^ of A by 

{u^{a),X) = u{a, X). 
For the relationship between IM form and closed 2-form we have the following. 

Theorem 1. [10]// A is an integrable Lie algebroid and if G is its integration, then u) ^ u^^ is 
an one to one correspondence between closed multiplicative 2-forms on G and IM forms of A. 

If a Lie groupoid G is endowed with a symplectic form which is multiplicative, then G is 
called symplectic groupoid. 

Similar to 2-forms, given a Lie groupoid G, a (l,l)-tensor J : TG — ?> TG is called multiplica- 
tive [7] if for any {g,h) E G x G and any Vg G TgG, Wh G ThG such that {vg, Wh) is tangent to 
G X G at {g^ h), so is {Jvg, Jwh), and 

{dm)g,h{Jvg,Jwh) = J{{dm)g,h{vg,Wh)). 
3. Lie Groupoids and Generalized Subtangent Structures 

In this section we first give a characterization for generalized subtangent manifolds, then we 
obtain certain relationships between generalized subtangent manifolds and symplectic groupoi- 
ds. We recall that a generalized almost subtangent structure J is an endomorphism on TM. 
such that = 0. A generalized almost subtangent structure can be represented by classical 
tensor fields as follows: 



J 



(3.1) 



a tt" 
(7j -a* 

where tt is a bivcctor on M, o" is a 2-form on M, a : TM — > TM is a bundle map, and 
a* : T*M — )• T*M is dual of a, for almost subtangent structures see: [5] and [6]. 

A generalized almost subtangent structure is called integrable (or just subtangent structure) 
if J satisfies the following condition 

[Ja, J (3] - J{[Ja, P] + [a, J P]) = 0, (3.2) 
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for all sections ct, /3 e TM.- 

In the sequel, we give necessary and sufficient conditions for a generalized almost subtangent 
structure to be integrable in terms of the above tensor fields. We note that the following result 
was stated in [5], but its proof was not given in there. In fact, the proof of the conditions of 
the following proposition is similar to the proposition given in [7] by Crainic for generalized 
complex structures. Although the conditions are similar to the generalized complex case, their 
proofs are slightly different from the complex case. Therefore we give one part of the proof of 
the following proposition. 

Proposition 1. A manifold with J given by (3.1) is a generalized subtangent manifold if and 

only if 

(SI) TT satisfies the equation 



for all 1-forms ^ and vj, and all vector fields X, Y and Z, where (Ja{X, Y) — cr(aX, Y). 

As an analogue of a Hitchin pair on generalized complex manifold, a Hitchin pair on a 
generalized almost subtangent manifold M is a pair (a;, a) consisting of a symplectic form oj 
and a (l,l)-tensor a with the property that u and a commute (i.e u{X,aY) — u{aX.,Y)) and 
dua = 0, where Wa(X, Y) = (jj^aX, Y). 

Lemma 1. If n is a nan- degenerate bivector on a generalized almost subtangent manifold M, 
u is the inverse 2-form (defined by uj^ = {ii^)'^) and tt satisfies (3.4) then a = —a*uj. 

Proof. For X e x(-/W"), we apply oj<^ to (3.4) and using the dual subtangent structure a*, we 
have 



(52) TT and a are related by the following two formulas 

-d7r{a*^,r)), 

(53) TT, a and a are related by the following two formulas 



(3.3) 



+ TT^fTtl = 0, 

Ar„(X,y) = 7r«(W(i(f7)), 



(3.4) 
(3.5) 



(S4) a and a are related by the following two formulas 

a*G^ — (T[|a, 



daa{X,Y,Z) = da{aX,Y,Z) + da{X,aY,Z) 
+da{X,Y,aZ) 




(3.6) 



a — —a*uj. 
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□ 

We say that 2- form a is the twist of Hitchin pair (w, a). 

A symplectic+subtangent structure on a generahzed almost subtangent manifold M consists 
of a pair (w, J) with w-symplecti- c and J-subtangent structure on M, which commute. 

Lemma 2. Let {M,oo) be a symplectic manifold. {u,a) is a symplectic+subtangent structure if 
and only if dooa — 0, a*uj — 0. 

Proof. We will only prove the sufficient condition. Since (M, uu) is a symplectic manifold, then 
du) — 0. Since dwa — 0, a*uj = 0, by using the following equation (see [7]), 

iNa{X,Y)i^) — ''■aXAY+XAaY{duJa) — iaXAavid^) 

-ixAY{d{a*uj)), (3.7) 
we get iNa{x,Y){i^) = -ixAY{d{a*co)) = 0. Hence, 

uj(Na(X,Y),.)^0. 

Since oo is non-degenerate, then — 0. Thus a is a subtangent structure. On the other hand, 
a*uj = implies that u and a commute. 

The converse is clear. □ 

Next we relate (SI) and the 2-form uj. 

Lemma 3. If n is a non-degenerate bivector on a generalized almost subtangent manifold M, 
and u is the inverse 2-form (defined by cu^ — (71")"^^, then tt satisfies (SI) if and only if cu is 
closed. 

Proof. Applying ^ = ixi^) and r] = iyi^) to (SI), wc get 

7^«(Lx(^y(^)) - Ly(zx((^)) - ^(^^^(Tr^X)) = [X,Y] 
Since = (tt")"^, we have 

7r»(Lx(iy(a;)) - Ly(zx(a;)) - o?(a;„F)(X)) = [X,Y] (3.8) 
Then applying oof^ to (3.8), we derive 

LxMuj)) - Lriixiuj)) - d(uJiY)(X) = uJi([X,Y]) 

Using 

ixAY{da) = Lx{iYcr) - Lyiixcr) + d{ixAYcr) 

-Hx,Y](T, (3.9) 

formula, then we get 

Lx{iY(^) - Lviix^) + d{ixAY^) - i[x,Y]^ = ixAvdu. 

Since left hand side vanishes in above equation, then ixAYdu) — 0. Thus du — 0. The converse 
is clear. □ 

Thus, we have the following result which shows that there is close relationship between 
condition (SI) and a symplectic groupoid. 

Theorem 2. Let M be a generalized almost subtangent manifold. There is a 1-1 correspondence 
between: 

(i) Integrable bivectors 71 on M satisfying (SI), 

(ii) Symplectic groupoids (E, ou) over M. 
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Since tt* and [, ],r define a Lie algebroid structure on T*M, one can obtain the above theorem 
by following the steps given in ([7], Theorem 3.2). We now give the conditions for (S2) in terms 
of CO and coa- 

Lemma 4. Let M be a generalized almost suhtangent manifold anduj a symplectic form. Given 
a non- degenerate bivector tt (i.e. tt'^ — {u!f^)~^) and a map a : TM — >■ TM, then n and a satisfy 
(S2) if and only if ui and a commute and to a is closed. 

Proof. For a 1-form ^, we use ^ = ix<^ — t^jt-^ such that X is an arbitrary vector field. Since 

aii^ixuj) = 7r^a*{ixuj), (3.10) 
applying oj^ to (3.10) and using tt" = (wjj)~^; for a vector field Y, we have 

ou{aX,Y)^a*{ixUj){Y), 

which gives 

u;(aX,Y) = uj(X,aY). 

Let ^ and 77 be 1-forms such that ^ = ixoo — <^{j(X) and rj = iyoo — LOi{Y) for arbitrary vector 
fields X and Y. Then from (3.3) we have 

—d7r{a*ixUJ, iyuj). 

Since tt" = {coi)^^ and a*iya; = iycua, we obtain 

a*(Lx(^ya;) - Lyiix^^) - d{iYAXi^)) = Lxiiv^a) 

- Lyiixl^a) 

- d{zyUj{7r\uJi{aX)))). 

Using (3.9) for left hand side, then we get 

a*{ix/\Yiduj) + i[x,Y]Co) = LxiiyUJa) - Ly{ixUJa) - d{u;{Y, aX)). 
Since u and a commute, using also this for the right hand side, we have 

a*{ixAyiduj)) + i[x,Y](^a = ixAvidLOa) + i[X,Y]^a- (3.11) 
Since uj is closed, (3.11) implies that ixAY{d,uJa) = 0, i.e. Ua is closed. □ 

Note that it is well known that there is one to one correspondence between (l,l)-tcnsors 
a commuting with u and 2-forms on M. On the other hand, it is easy to see that (S2) is 
equivalent to the fact that a* is an IM form on the Lie algebroid T*M associated Poisson 
structure tt. Thus from the above discussion. Lemma 4 and Theorem 1, one can conclude the 
following theorem. 

Theorem 3. Let M be a generalized almost subtangent manifold. Let tt be an integrable Poisson 
structure on M, and (S,a;) the symplectic groupoid over M. Then there is a natural 1-1 

correspondence between 

(i) (l,l)-tensors a on M satisfying (S2). 

(11) multiplicative (l,l)-tensors J onT. with the property that {J,uj) is a Hitchin pair. 
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We recall the notion of generalized subtangent map between generalized subtangent mani- 
folds. This notion was given in [5] similar to the generalized subtangent map between general- 
ized complex manifolds given in [7]. 

Let {Mi,Ji), i = 1,2, be two generalized subtangent manifolds, and let ai,7ri,ai be the 
components of J7i in the matrix representation (3.1). A map / : Mi — )■ M2 is called generalized 
subtangent iff / maps tti into 7r2, /*a"2 = Ui and (df) o ai = a2 o (o(/')[5]. 

We now state and prove the main result of this paper. This result gives equivalent assertions 
between the condition (S3), twist a of {ou, J) and subtangent maps for a symplectic groupoid 
over M. 

Theorem 4. Let M be a generalized almost subtangent manifold and (E, oj, J) the induced 
symplectic groupoid over M with the induced multiplicative (l,l)-tensor. Assume that (vr, J) 
satisfy (SI), (S2) with integrable tt. Then for a 2-form on M, the following assertions are 
equivalent. 

(i) (S3) is satisfied, 

(ii) —J*u = t*a — s*a, 

(iii) {t, s) : ^ M X M is generalized subtangent map; ( condition of generalized subtangent 
map on M is (dt) o ai = 02 o (dt), this condition on M is (ds) o ai = —02 o (ds) ). 

Proof, (i)-^ (ii). Define (p = a — t*a + s*a, such that a = —J*u and A = ker{ds)\M- We 
know from Theorem 1 that closed multiplicative 2-form ^ on S vanishes if and only if IM form 
uq — 0, i.e. 9{X, a) = 0, such that X e TM, a E A. This case can be apphed for forms with 
high dimension, i.e. 3-form 9 vanishes if and only if 9{X, Y, a) = 0. 

Since uj and ujj are closed, from (3.7) we get ixAY{d{J*uj)) — —iNj{x,Y)^- Putting a — —J*uj, 
we obtain 



Using (3.16) in (3.14), we get 

d{t*a){X,Y,a) = da{X,Y, p{a)). 

In a similar way, we see that 

d{s*a){X, Y, a) = da{ds{X),ds{Y),ds{a)). 
Since a e herds, then ds{a) — 0. Hence d{s*a) — 0. 




(3.12) 



(3.13) 



(3.14) 



(3.15) 



(3.16) 



Thus 



da{X,Y,a) = da{X,Y, p{a)). 



(3.17) 
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Using (3.12) in (3.17), we derive 

uj{Nj{X, Y),a) = da{X, Y, p{a)). (3.18) 
On the other hand, it is clear that (j) = Q <^ a — t*a + s*a — 0. Thus we obtain 

a{X,a) — a{X, p{a)). 

Since a — —J*uj, we get 

-u{JX,Ja) = (j{X,p{a)). (3.19) 
Since Poisson bivcctor tt is intcgrablc. it defines a Lie algebroid whose anchor map is p = -kK 
Let us use n"^ instead of p in (3.18) and (3.19). Then we get 

oj{Nj{X, Y),a) = da{X, Y, 7r»(a)), 

-u{JX, Ja) = a{X,7r^{a)). 
Since uj{a,X) = a{X), uj{a,X) = a{JX), from (3.20) wc have 

-a{Nj{X,Y)) = rfa(X,y,7r»(a)) 
= ixAYda{7r\a)) 
= 7r(a, ixAvda) 
= -a{T:\ixAYda)) 

i.e. a{Nj{X,Y)) = a{n^{ixAYd(r)). 

Since above equation is hold for all non-degenerate a, we get 

Nj{X,Y)=7r^{tXAYda). 
On the other hand, from (3.19) we obtain 

a{a^X) = ix(T{7r\a)) 
= Tr{a,ixcr) 
= -a{n^a^X). 

Thus we get 

+ TT^tt = 0. 

Then (i)^(ii) follows from (3.21) and (3.22). 

(ii)<^^(iii) —J*uj — t*a — s*a says {t, s) is compatiple with 2-forms. Also it is clear that (t, s) 

and bivectors are compatible due to S is a symplectic groupoid. We will check the compatibility 
of (t, s) and (l,l)-tensors. From compatibility condition of t and s, we will get dt o J = ao dt 
and ds o J = —a o ds. 
For all q; e A and V e x(S), 

uj{a, V) = uj{a, dtV) 

which is equivalent to 

a{V) = {u^{a),dtV). 
Since -u^j = Id and Ui^j = a*, wc get 

{a,a{dt{V))) = a{a{dt{V))) 
= uj{a,dt{JV)) 
= {a,dt{JV)). 



(3.20) 



(3.21) 



(3.22) 
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Since this equation is hold for all a, then a{dt) 

a{ds{V)) = 



dt{J). Using s = t oi, 
ad{t o i)V 
-ds{JV), 



which shows that a{ds) 



ds{J). Thus proof is completed. 



□ 
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